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The perturbation method is used to solve the problem concerning the state of
stress of a randomly inhomogeneous half-space under the condition of macro-
homogeneous state of stress. Finite formulas for the statistical characteristics
of the stresses at the boundary of the half-space are obtained. Problems con-
cerning the state of stress of randomly inhomogeneous media were studied in
[1-5]for a plane, a half -plane and a full-space.

An analogous problem in displacements was solved in [6], although no
proof was given of the independence of the deformations and stresses on the
values assumed by the elastic moduli outside the region occupied by the body
the equilibrium of which was under investigation,

1, leta macrohomogeneous stress-strain state be realized in an inhomogeneous
half-space (z3 >

(0) (1.1)

045" = {0ij s 35?)= {ei;>

Here and henceforth the angle brackets denote the operation of mathematical expectation,
We write the stresses and strains in the form

0 1)
oy = off +offs e = e+ ef .2

where ' @) and ¢ ,-(1) represent the fluctuations in the values of stresses and strains,
Hooke's Law and the equations of compatibility of deformations are

eij = 51055 — Sa0mdis; Sy =2i S, =2L J”rv (1.3)
&ijkEmnCin, jm =0 (1. 4)

Here S; are the pliability moduli related to the shear modulus G and the Poisson 's
ratio v,and g;j;, denotes a unit antisymmetric Levi — Civita pseudotensor,
Letusset( §,() denote the fluctuations in the values of pliability moduli)

S =8 — S, S =S (1.5)
Substituting (1,2) and (1.3 ) into (1.4 ) and using (1,5), we obtain

(1 1 1) 1
Oij, kk + T+, (GS:k, i — Oxk, udyj) = KON Ni; (1.6)
1

(0) ;7 o(1
ij = O (S — Sl udi;) + ofP gl)kh — oSy, ki — oDSsM, ik +
ol S1, 1di; 4 off (S(l 16i; — S2 i

where 15 denotes the incompatibility tensor. In addition, the stresses o;;1) must
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satisfy the equilibrium equations and the boundary conditions
o i=0, Gilmo=0(=1,273) (1.7)

Let us write §,{1 in the form of Fourier integrals

59 = ] (@ expion)do (i=1,2) o

R PV | PUOY POV |
X == 1, 42y L3f, W == (W, Wy, W}

where fx (®) is a generalized random function. We seek the solution of the system
(1.6), (1.7)in the form

off =) 4 <
where Tu(l’ is a particular solution of (1,6) and Tu( ) isa general solution of the

homogeneous system corresponding to (1,6 ), Using the boundary conditions of (1.7),
we obtain the boundary conditions for the solution of the homogeneous system

2
5

lremo = — T6¥ |rimo (1.9)

Let us write ;{0 in the form

(1.10)
P = S‘” ol (0) fx (@) exp (i0x) do  (k =1, 2)

Substituting (1,10) into (1.6 ) and using (1,8), we obtain

o _ 1
4 xS 3

L o + (0i0; — 0%8:5) P

k=1, 2)

Nij = "lg;li) + 7]5?), nﬂ‘l) 01(31); S(l,)llaij — Séf)i,-), ®=1—"v
and we can confirm by direct substitution that (1, 10) satisfies (1.7),

We seek a solution of the homogeneous system (1. 6 ) identically satisfying (1.7),
in the Krutkov's form of [ 7]

1
o = — eiBimatin, om ( = m?%‘ + (Pij) (1.11)

Here Qij denote arbitrary harmonic functions,and ¥ isa particularsolution of the equation

% 2y = (Pis s
1+MVY—(P‘U,U (1.12)

Substituting @11 = Q22 = P33 = P3:QPg3 = P2, P13 = P1» P12 = 0 into the ex-
pression within the brackets in (1.11), we find from (1. 12)
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‘Y:

Taking into account the condition that the stresses T;; () vanish at infinity , we
write the harmonic functions ¢, (k = 1, 2, 3) in the form

1,
:Axsq)i,i (i=1,2) (1.13)

P = “‘ a{” () f, (0) exp (IO Xy — O3} dOy (n =1, 2) (1.14)

X, = {T1, To}, @, ={o;, 03}
Using now (1.10), (1.14), (1.13) and (1, 11}, we obtain the following final expressions
for the stress perturbations:

1.15
o = _”5 [a{f, exp (iwazs) + QP exp (— 0,3)] exp (iw,z,) do ( :

k 1 (K
Qi = i L..,.(.. (010575 — 28;;0,) Omaty’ + Oy (28:j0main’ —

: . 1
W; aﬁ") (Dja(ih)) — zmiwjagk’ i

k 1 k k
oF - o (1 — o,23) 0,as o “aﬁ ) — DO + 6 m*a( )

5 . 1 ,
Qe — [-—- — 0, 230 4 0, gk)]

(1:]—'1»213» h,l,m:‘l,?)

where q,® (k =1, 2; m = 1, 2, 3) are obtained from the boundary conditions
(1.9)

af! = (1 =) 22 by, 0l = (1 — )22 oy +0, (1.16)
. 1 i
ag")z — afy

o, (02— 0 %) ol 0 — (I — )y o,
s —

E (&
o ; =~ - (0408 +ionald)

by =i (1 —x)

The formulas (1. 15 ) contain Fourier transforms fi of the functions S0 (k =
1, 2) and this seems to imply, at first sight, the necessity of defining these functions
on the whole space in order to determine the stresses in the half-space., We shall show
that this is not so, i.e, that S at x5 <_ 0 do not affect the values of the stresses
at z3 > 0. We have for the functions f;
fr (@) = “%{ S Fy (04, 03, ug) exp (— iogus) dug  (k =1, 2) (1.17)

—oc

i .
Fi (o, 03, u3) = By SS s (u)exp (— iog u,)du,

-—00
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Using (1,17 ) we can reduce the Fourier transform in x;, Z, of the stresses g,
(zy, 23, x3) in (1, 15) to the form

o0
Py (01, @y, 23) = g Gim (01, @, 73, Us) dugy (1,18)
o .
k .
Gim (01, W, T3, U3) = -—-F x (01, 0, Ug) S {a( h exp (igxs) -+
-0

AR exp (— iw,xs)} exp (— i0slis) dwog

K
AR =i— (m,mmxs — 20,8;m) 0pad i (26,m&)pa(k) — oa® —

mmaz")) 0y + 0,0ma$® (@, m, p, k=1, 2)
Direct computation of the integral in (1, 18 ) shows that Gypm (@1, 03, T3, ug)= 0

when g <0, and this proves that P, (0, @2, Z3) is independent of S(1) (u)
when wu; << 0. The calculations are identical for the remaining three stresses.

2, We assume that the random fields Sy® (k = 1, 2) are statistically homo-
geneous and isotropic, connected by statistically homogeneous and isotropic relations,
and have the following known correlation functions:

Kim (®) = <517 (%) S2 (x + 8)>
and write the components of the correlation stress tensor

K pgst (X, X') = {0pq (X) 054 (x'))

in the following form (where a prime denotes complex conjugate quantities):

K pgst (x, X') = SS j (@620l o (@) exp [i005 (23’ — 23)] — @b

k) {1 . ’
Ag,q)agt)d)k, (@) exp (i0g2s" — ©,73) I Bg)ag,gd),,- (@) exp x

(— 0423’ — i032s) + AL)BY Dy, (0) exp [— 0, (75" + 25)]} X
exp [io, (x,” — x,)] do

i (0) = P (0) = - S K im (8) T, (0) (08)18

o = 0y Wy, 22=Ekaki Py sy t=1,2

(see [81). By® are obtained from Ap® (see (1.18) ) by replacing P, ¢y and k by
g, t and l; zg by &3 and ag® by —a4(!) . The remaining components of the cor-
relation tensor can be obtained in the same way,

We see from (2, 1) that the stress field is stationary along the axes 1 and Zpsand
nonstationary in the direction of ¥3: i,e,

qust (x, X') = Kpgst (X*' — Xy s, Z3)
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Let us inspect the stresses 0;;(V (i, j = 1, 2) at the boundary of the half-space
zy = 0. Weset v = vq = const in the formulas connecting §, (k = 1, 2)
with the Poisson's ratio vV and shear modulus G . Then S, (x) = v, (1 -+ vy)!
S; (x) = S (x). Letus again limit ourselves to the case when G = Gppl® =
P, 010 = 0150 = 045® = 033 = (. The expressions for the correlation func-
tions (2, 1) at the boundary of the half-space will have the following form:

Koren @) = 4 \\\ o

—

TR CACRETSICESITRET R PEICE

(0% — 0,%) 4 0,7 [% (0% + 0, — 0p%) — ©,°]*}D(0) exp (i0,§,)do

s
K1z (8) = % SSS 0l0y? {2%2 (n0? — ©,2) (2%0,%0," — 0,t) 4

20,05 (:»co;2 — %) (0,2 — %) + 0,2 [ (0% + ;%) — 0,2 X
[% (0% 4+ 05%) — 0, 2]} O (w) exp (i, &, ) do

o0

K212 (8) = —1;—2\35 w2 e [4x20* — (4x —1) 0,%] D(0) exp (0, &, )do

wiwy?

—

2

p=1,2, plz:*:%, So = (S (x))

Passing in (2,2) to the spherical coordinates and integrating over the angles we obtain,
e,g. for Ky, and Kppp

Ko (8,) = 9““5‘5%{30 (4 — 400 5 T () T () —
ln? (10 L (Q)J(D(m)dm
~1(§*):”Z“Z_az,‘?z—z,;§{[2(4"— 1) 52 a2 — L5 am—

0
o T (@ T, (@) + (1= ) T (O o (@) +
8%2—% = £° ()] D (@) do, Q= L

The remaining components of the correlation tensor have the same form, but are not
given here because of their length.
Assuming 84 = 0, we obtain the foliowing formulas for the dispersions

D= -2 (158 — 320 4 44x* — 28 - 8) D @.3)
Dyrpe = w /m (5 ud — 24%3 4 42%2% — 28x - 8) D

e

D222-2. = D11111 D1211 = D1222 =0
Dig1a= —3 -—% (5%t — 4u® -+ %% D
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D= S 0’® (0)do, 0= 0,0,
0

Let us write (2.3) in the form Djj,; = u2Dv? (i, J, k, { = 1,2), where v denotes
the so~called variability coefficient, Computing » for the case v, = 0.25 yields the
following result:

i=j=k=l=1andi= ) =k=1=2, 2= 2.76
i=j=1k=1=2 2»2=296
i=k=1)=1=2, v2=0.675

and the corresponding values of the variability coefficient for the space are (*) 2.54,
1.69 and 0.322.
The above computations show that the increase in dispersion (especially in Djjaa
and Dyyys) caused by the boundary is substantial, and must undoubtedly be taken into
account in practical computations,
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